Quantum Fisher information (QFI) is an important feature for the precision of quantum parameter estimation based on the quantum Cramér-Rao inequality. When the quantum state satisfies the von Neumann-Landau equation, the local quantum uncertainty (LQU), as a kind of quantum correlation, present in a bipartite mixed state guarantees a lower bound on QFI in the optimal phase estimation protocol [Phys. Rev. Lett. 110 (2013) 240402]. However, in the open quantum systems, there is not an explicit relation between LQU and QFI generally. In this paper, we study the relation between LQU and QFI in open systems which is composed of two interacting two-level systems coupled to independent non-Markovian environments with the entangled initial state embedded by a phase parameter θ. The analytical calculations show that the QFI does't depend on the phase parameter θ, and its decay can be restrained through enhancing the coupling strength or non-Markovianity. Meanwhile, the LQU is related to the phase parameter θ and shows plentiful phenomena. In particular, we find that the LQU can well bound the QFI when the coupling between the two systems is switched off or the initial state is Bell state.
Introduction
Quantum entanglement is a very important physical resource in quantum information [1] , recently, it has been shown that the quantum discord [2, 3] , as another kind of quantum correlation, can depict the quantumness of quantum state more deeply than the quantum entanglement in some quantum information processing, such as the DQC1 model [4] and is more robust against the decoherence environment. By using different methods, several definitions of quantum correlation were proposed, such as based on quantum information theory [2, 3, 5] , Hilbert-Schmidt norm [6] , relative-entropy [7] , trace norm [8] and so on. However, the definition of the quantum correlation that capturing both good physical property and computability is the local quantum uncertainty [9] , which is based on the skew information [10, 11] .
The local quantum uncertainty (LQU) can not only measure the quantum correlation, but also apply to the field of quantum metrology [9, 12] which was widely used in the field of quantum frequency standard [13] , gravitational wave detection [14] , quantum clock synchronization [15] and so on. The goal of parameter estimation is not only to determine the value of the unknown parameters, but also to investigate the accuracy of the measurements [16, 17] . Just using the classical methods, the limit of the precision of measurements is the standard quantum limit or short noise limit, i.e., 1/ √ N , where N is the times of experiments or the numbers of particles used in the experiments [17] . However, utilizing the quantum character, such as the quantum squeezing [18] , quantum entanglement [19] , NOON state [20] , entangled coherent states [21] and so on, the precision of quantum parameter estimation can be enhanced and surpass the standard quantum limit, even arrive the Heisenberg limit 1/N . Other quantum technology, such as weak measurement [22, 23] , dynamical decoupling [24] , quantum error correction [25] , can also be used to enhance the precision of quantum metrology. The multiple quantum parameters estimation have also been reported [26, 27] .
In the quantum metrology, the precision of quantum parameter estimation is governed by the quantum Cramér-Rao inequality ∆(θ) ≥ 1/ √ N F θ , where the quantum Fisher information (QFI) is given by F θ = Tr{ρ θ L 2 θ } with symmetric logarithmic derivative L θ determined by 2∂ θ ρ = ρL θ + L θ ρ. The QFI plays the central role of the quantum metrology, and the larger value of QFI means higher precision of the parameter estimation, when the repeat times N is fixed. In the unitary evolution [16] , the probing state can be embedded by a parameter θ through the unitary transformation, i.e., ρ θ = U † θ ρU θ with U θ = e ikθ . The quantum state ρ θ satisfies the von Neumann-Landau equation i∂ρ θ /∂θ = kρ θ − ρ θ k, the QFI and skew information satisfy the inequality relation [28] 
Through optimizing the operator k, the precision of the parameter can be bound by the local quantum uncertainty [9] . However, the effect of the environment is not concerned in Refs. [9, 28] . In the open systems, due to the unavoidable interaction with its surroundings [29] [30] [31] , the unitary dynamics of quantum system will be distorted by the noise, the decoherence effects will influence the precision of the quantum parameter estimation, for example, the metrological advantage using the quantum entanglement will be weaken [32] or disappear [19] . The quantum metrology in the open systems had been investigated intensively [33] [34] [35] . A natural question arises whether the similar relation given in Eq. (1) still holds in open systems.
In this paper, we will reexamine the relation between the precision of quantum parameter estimation (QFI) and the quantum correlation (LQU) in the open systems. We employ two coupled two-level systems interacting with the independent non-Markovian environments, respectively; and assume that the initial state with embedded phase parameter θ is entangled state; and investigate the effects of the environment and the coupling interaction between the two subsystems on the QFI and LQU. We find that the QFI does't depend on the estimated parameter, and its decay can be restrained through enhancing the coupling strength or non-Markovianity. While, the LQU is related to the phase parameter θ and depicts plentiful phenomena. We find that a similar relation as Eq. (1) is satisfied if the coupling between the two systems is switched off or the initial state is Bell state, although there doesn't exist such a bound relation generally. This paper is organized as follows. In Sec. 2, we give the preliminaries about the LQU and QFI. In Sec. 3, the employed model is described. In Sec. 4, the dynamics of the QFI and LQU are investigated, and their relationship is also considered. The conclusion is given in Sec. 5.
The Preliminaries
In this section, we will give brief introduction on the local quantum uncertainty and the quantum Fisher information. The LQU based on the skew information is given by [9] U(ρ) = min
where K Λ = K a ⊗ I b means the non-Hermitian operator on subsystem A with non-degenerate spectrum Λ. The skew information I(ρ, K Λ ) denotes the noncommutation between the quantum state ρ and the operator K Λ , which is defined as
For a 2 ⊗ d-dimensional system, the LQU can be given by a closed form as
where λ max (·) is the maximum eigenvalue and W ab is 3 × 3 symmetric matrix
The quantum Fisher information is the maximum information about the estimated parameter θ obtained from optimal measurements. In this paper, the QFI is chosen as the SLD (symmetric logarithmic derivative) definition
For quantum state ρ θ , the QFI F θ for the estimated parameter θ is given as follows [36, 37] where λ i is the eigenvalue of the estimated state ρ θ , |ϕ i is the corresponding eigenvector, and ∂ θ (·) means the partial derivative. For non-full rank density matrix, the expression of the QFI F θ can be rewritten as [32, [38] [39] [40] ]
where r is the rank of the density matrix. For pure state |ϕ , the QFI can be simplified as
The model and its solution
The model for the phase parameter estimation is shown in Fig. 1 . The coupled two-level atoms A and B interact with independent non-Markovian environments, respectively. The transition frequency is assumed as the same, i.e., ω a = ω b = ω 0 , the mode of the reservoir is ω k and the interaction between the subsystem and reservoir is expressed as g k , and the coupling strength between the subsystems A and B is J. Due to the interaction between the quantum system and its surroundings, the dynamics of the quantum state ρ consisted of subsystems A and B will be not unitary. The quantum Fisher information and the quantum correlation can be obtained after measurements. In the nature unit, i.e., = 1, the whole Hamiltonian for the system and environment is
with
where, σ Without loss of generality, we will assume that the initial state of the quantum system is superposition state and both the independent reservoirs interacting with the atoms A and B are vacuum state, i.e., |0 a |0 b . The initial state of the system and environment is
where |e is the excited state and |g means the ground state, the coefficients a 0 and b 0 satisfy |a 0 | 2 + |b 0 | 2 = 1. Before the evolution, an estimated phase parameter θ will be embedded into the initial state through unitary operation U θ . The initial state will become a 0 e iθ |eg + b 0 |ge |0 a |0 b . In the whole processing, there only exists one excited photon.
In this paper, we only consider that each subsystem resonates with the reservoir mode and the structure of the reservoir is assumed as the Lorentzian form
where ω 0 is the transition frequency of the subsystems A and B; the parameter λ is connected to the reservoir correlation time τ B = 1/λ, which is determined by the spectral width of the coupling between the system and reservoir; the parameter γ 0 is related with the time scale τ R of system change τ R = 1/γ 0 . When τ B ≫ τ R is satisfied, the non-Markovian phenomenon will strongly affect the dynamics of quantum system. The evoluted quantum state in time t is
Substituting |ψ(t) into the Schrödinger equation i|ψ(t) = H|ψ(t) , similar with Ref. [41] , one can obtain the following differential equations for parameters A(t), B(t), C k (t) and D k (t):
The solution of the coefficients A(t) and B(t) can be given as
where
The detailed derivation is given in the Appendix. After tracing out the effects of the environment, the reduced density matrix of the quantum system ρ(t) can be given by
In the following, we will investigate the QFI for the estimated parameter θ, the LQU for the quantum state ρ(t), and the relationship between them.
The dynamics and relationship between QFI and LQU
Through tedious calculation, one can obtain that the LQU for quantum state ρ(t) is
where W 1 , W 2 are given by and λ i is the eigenvalue of quantum state ρ(t) in Eq. (14) with λ 1 = |a(t)| 2 + |b(t)| 2 , λ 2 = 1 − λ 1 . The QFI for the phase parameter θ of quantum state ρ(t) can be obtained as follows
The amplitude parameters a(t) and b(t) in Eq. (13) can be rewritten as
where the parameter x is defined as
with the parameter h given in Eq. (13) . So, the QFI F θ (ρ) in Eq. (17) can be simplified as
One can conclude that the value of QFI does not involve the estimated phase parameter θ. The dynamics of the QFI and LQU for the reduced system ρ(t) is shown in Fig. 2 . The evolution of the QFI and LQU along with the initial state parameter a 0 and time t are plotted in panels (a) and (b), respectively. The QFI reaches the maximum value in a 0 = 1/ √ 2, i.e., the initial state is Bell
(|eg + |ge ), which can also be concluded from Eq. (20) . Unlike the quantum Fisher information, the LQU strongly depends on the phase parameter θ, and exhibits more fertile phenomena than the quantum Fisher information. Because the value of the local quantum uncertainty is determined by the competition between 1 − W 1 and 1 − W 2 , the influences suffering from the surrounding environment and the coupling interaction between subsystems will lead to the strongly periodic oscillation in the dynamics of the quantum correlation. In both Fig. 2 (a) and (b) , the coupling strength is J = 1.5γ 0 , the non-Makovian parameter is chosen as λ = 0.1γ 0 . The phase parameter in the dynamics of the quantum correlation is chosen as θ = π. Due to the value of the QFI is independent of the estimated phase parameter θ, the phase parameter θ in panel (a) can be chosen randomly. One can find the similar phenomena when the other parameters condition are chosen.
The evolution of QFI and LQU along with the coupling strength J are shown in Fig. 2 (c) and (d) , where the initial state is chosen as Bell state
(|eg + |ge ). Because the QFI can reach the maximum once the other condition is fixed. The phase parameter is selected as θ = π/2 and the non-Markovian parameter is chosen as λ = 0.15γ 0 . We can find that the decay of the QFI is rapidly when the coupling interaction J is small. However, as the increasing of the interaction between subsystems, the decay of the QFI can be suppressed dramatically. The coupling interaction J(σ
can make a hump transition between the quantum state |eg and |ge and the stronger coupling interaction can also make more information about phase θ stay at the state |eg or |ge , so one can conclude that the strong coupling interaction can significantly restrain the decay of the QFI. However, the LQU displays stronger periodicity as the increasing of coupling strength J. It can be explained as the competition between 1 − W 1 and 1 − W 2 can be more intense when the coupling J is bigger. The consequence is that the (quasi-)period of oscillation will be shorter.
In Fig. 2 (e) and (f), we plot the dynamics of QFI and LQU along with the environment parameter λ. The initial state coefficient is chosen as a 0 = 0.5, the phase parameter θ is chosen as 0, and the coupling strength J is chosen as 1.5γ 0 . Due to the interaction between the system and environment, the quantum state |eg or |ge will be transformed into the state |gg and the information of the quantum state will be lost. The parameter λ is connected to the spectral width of the reservoir, the small λ means not only the weak interaction between the system and reservoir, but also the strong non-Markovianity. So the process of losing information will slow down, and the strong non-Markovianity means the information can backflow from the environment to the quantum system [34] . So, one can find that the decay of the QFI and LQU can be suppressed when the environment parameter λ is smaller, in other word, the non-Markovianity is more remarkable.
When the quantum state ρ θ satisfies the von Neumann-Landau equation i∂ρ θ /∂θ = kρ θ −ρ θ k (ρ θ can be generated by operator k through ρ θ = e −iθk ρe iθk ), the quantum Fisher information and the skew information satisfy the inequality
For two-qubits system, if the operator k is the local observable on subsystem A , such as k = K a ⊗ I b , optimizing all local observable k, one can arrive the definition of local quantum uncertainty in Eq. (4). Using the quantum Cramér-Rao inequality ∆(θ) ≥ 1/ √ N F θ , the parameter precision can be bound by LQU ∆(θ) < 1/ √ 4U when the repeat number is N = 1 [9] . A nature question is whether the QFI and LQU still satisfy the similar relationship in the open quantum systems, for example the model depicted in Fig. 1 .
With the help of numerical simulation, one can see that the QFI and LQU do not satisfy the inequality relation (21) generally. However, for some special cases, one can also find that the QFI is bounded by the LQU. In Fig. 3 , the difference between QFI and LQU is dotted 10 4 times, where the coupling strength is J = 0 and the other parameters are chosen randomly. The difference of F θ − U is shown in panel (a), and the maximum difference is 1/4 and the minimum value is 0. The difference of 2U − F θ is shown in panel (b) and its range is from 0 to 1. This can be given a simple proof.
When the coupling strength J between the two subsystems is 0, in other worlds, the coupling between the two systems is switched off, the parameter x in Eq. (19) can be simplified as
It is easy to find that the parameter x 0 is real, and the amplitude parameters a(t) and b(t) can be simplified as
The eigenvalues λ 1 and λ 2 for the reduced density matrix of quantum state ρ(t) in Eq. (14) can be simplified as λ 1 = |x 0 | 2 and λ 2 = 1 − |x 0 | 2 . Firstly, we will prove that the value of LQU is smaller than the value of QFI. The QFI F θ (ρ) in Eq. (20) can be simplified as
The LQU U(ρ) in Eq. (15) can be rewritten as
where U 1 , U 2 are given by
Obviously, the value of F θ equals with U 2 . The value of LQU is always chosen the smaller one between U 1 and U 2 , so the value of LQU is U 1 if and only if U 1 < U 2 , otherwise the value of LQU will be determined by U 2 . So, the LQU U and QFI F θ meet the following relation:
In the following, we will find out the maximum difference between the QFI and LQU. Due to the parameter U 2 equals to the value of F θ , so we only pay attention to the condition that the value of LQU is chosen as U 1 . For simplicity, we will assume that |a 0 | 2 = m, |x 0 | 2 = n, and the range of m and n are both from 0 to 1. The difference between the QFI and LQU can be expressed as
The second derivative of m is negative, i.e., ∂ 2 δ 1 /∂m 2 < 0, so the function of δ 1 reaches the maximum value at the point ∂δ 1 /∂m = 0. After some algebra, one can obtain that
which is displayed in the Fig. 3(a) . Then, we will prove that F θ ≤ 2U. The value of LQU is also chosen as U 1 , the function of 2U − F θ can be expressed as
One can obtain that the second derivative of δ 2 is positive (∂ 2 δ 2 /∂m 2 > 0), so the function of δ 2 arrives the minimum value at the point ∂δ 2 /∂m = 0 and min
0. It will lead the following inequality
Combining Eqs. (27) and (31), one can conclude that the QFI and LQU still satisfy the following relation:
when the two subsystems have no interaction. In another case, the initial state is chosen as Bell state
The QFI of phase parameter θ is
where the parameter x is given in Eq. (19) . The LQU for the quantum state can be expressed as
with |a(t)| 2 = |x| 2 /2 + RI sin θ, R meaning the real part of x and I meaning the image part. Obviously, the value of U 2 and F θ satisfy the inequality U 2 ≤ F θ . So, when the value of LQU is chosen as U 2 , one can conclude that U ≤ F θ . In the condition that the value of U 1 is smaller than U 2 , the value of LQU will be chosen as U 1 , the inequality U ≤ F θ is satisfied automatically. However, the QFI and LQU does't satisfy the relationship F θ (ρ) ≤ 2U(ρ) generally, which can be obtained with the help of numerical simulation.
When the state satisfies the von Neumann-Landau equation, the amount of the quantum correlation present in a bipartite mixed state guarantees a minimum precision in the optimal phase estimation protocol [9] . However, considering the effects of the environment and the coupling interaction between subsystems, the quantum Fisher information and the local quantum uncertainty don't satisfy the similar relationship generally. However, when the coupling strength between the two subsystems is zero or the initial state is Bell state, we can also obtain the inequality U(ρ) ≤ F θ (ρ), the optimal detection strategy which asymptotically saturates the quantum Cramér-Rao bound produces the best precision of parameter θ best
Obviously, the quantum parameter precision can still be bound by the quantum correlation in the above two special cases.
Conclusion
In summary, the local quantum uncertainty is not only a good measurement of quantum correlation, but also an effective bound on the precision of parameter estimation through the relation between the quantum Fisher information and skew information. In this paper, we reexamined the relationship between the local quantum uncertainty and the precision of the parameter estimation through extending the parameter estimation protocol to the open quantum systems. We employ the coupled two-level systems interacting with independent non-Markovian reservoir, in which the initial state is entangled state with embedded phase parameter θ through unitary operation. In general, the precision of phase parameter can not be bound by the quantum correlation. However, for some special cases, for example the coupling between two subsystems is switched off or the initial state is Bell state, the phase parameter precision can also be bound by the quantum correlation. In this paper, we only investigate the structure of environment is Lorentzian form, the general relationship between the QFI and LQU in the open systems is deserved endeavor in our further investigation. 
In order to obtain the amplitude parameters a(t) and b(t) in Eq. (13), the inverse Laplace transform for Eq. (A7) is used, i.e., f (t) = 
